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Abstract

These notes are adapted from my notes taken from Part IA of the
Mathematical Tripos at the University of Cambridge in 2006-2007:

o Numbers and Sets, lectured by Prof. Imre Leader.

o Algebra and Geometry, “Groups and Geometry”, lectured by
Prof. Thomas Koérner.

The two modules are consolidated in this text as each contain proofs
which depend on results from the other. Readers of Mathematics at
Cambridge should note that neither module is covered exhaustively,
but the missing parts from each can be found in my notes on Sets,
Logic, Relations, and Functions and IA Analysis I, and IA Vectors
and Matrices respectively.

7 notation is used in many places; see my notes on Sets, Logic,
Relations, and Functions for definitions of unfamiliar symbols and
words.



1 Sets

1.1 Sets of Numbers

The set N ={0,1,2,...} of natural numbers is defined by three important
properties:

1. There is a “first” natural number 0.
2. Every natural number n has a “next” number n + 1.
3. Every non-empty subset of N has a minimum element.

Theset Z ={...—2,—1,0,1,2,...} of integers is defined by introducing
additive inverses —n for each natural number n.

Z is a ring, meaning we can add, subtract and multiply according to the
usual rules.

The set Q of rational numbers is defined by introducing multiplicative
muverses % for each non-zero integer n.

The set R of real numbers is defined so that every non-empty bounded-
above subset S C R has a supremum or least upper bound sup S; i.e. every

upper bound m of S must have m > sup S.

The set C of complex numbers is defined by introducing i, the imagi-
nary unit, which satisfies i> = —1.

Q, R and C are fields, meaning we can add, subtract and multiply and
divide according to the usual rules.

NcZcQcRcC.

(See the Appendix for formal definitions.)

Tn some texts, the first natural number is 1. We will write N, = N\ {0} = {1,2,3,...}.



1.2 Induction

Suppose P(n : N) is a predicate for which P(0) is true. Suppose also that,
for any n, the truth of P(n) implies the truth of P(n + 1). In this case, we
can conclude that P(n) is true for all natural numbers n. This principle is
known as induction.

Theorem 1.2.1 (Induction?).
(P(O) A(¥n:NeP(n)= P(n+ 1))) = (Vn:NeP(n))

Proof. Suppose 3m : N @ =P(m). Then let m = min{n : N | =P(n) }. P(0)
is true by assumption, so m > 1, and m = n + 1 for some n : N. n < m,
so P(n) must be true. However, P(n) = P(n + 1) = P(m), contradicting
-P(m).3 O

Therefore, we may prove a proposition Vn : N e P(n) by proving P(0)
(which is usually trivial) and the inductive step Vn : N @ P(n) = P(n + 1).

The principle of strong induction allows us to make a stronger assump-
tion in the inductive step: we seek to prove P(n), on the assumption that
P(k) is true for all natural numbers k < n.

Corollary 1.2.2 (Strong* Induction).
(¥n:Ne (¥k:N[k<neP(k)=P(n)=(¥n:NeP(n)

Proof. Define Q(n : N) = (Vk : N | k < n e P(k)). Q(0) is a vacuous
truth; also, @Q(n) = P(n) is equivalent to Q(n) = Q(n + 1). Therefore,
the principle of induction applies to @(n), and so the result follows from
Theorem 1.2.1. ]

An “inductive proof” is one which makes use of either of these principles.
Such a proof is “by induction on n” (or “by strong induction on n”).

An “inductive definition” of a function f : N — X is one for which the
predicate “f is defined at n : N” can be proven by induction; e.g. f(0) is
defined, and the definition of f(n) depends on values of f(k) for k& < n. Such
a function f is “defined inductively”.

2Literally, “If P(0) is true, and for all n, P(n) implies P(n + 1), then for all n, P(n) is
true.” Metaphorically, if we can step onto the first rung of a ladder, and climb from each
rung to the next, then we can reach any rung.

3Metaphorically, if there is an unreachable rung, there is a lowest one, in which case
we can reach the one below it. But then we can climb one more rung, contradicting its
unreachability.

4The corollary is ostensibly weaker, as the premise is stronger.



1.3 Binomial Coefficients

Definition 1.3.1. For n: N, n! = H k is the factorial of n.
k=1
Definition 1.3.2.
1. If X isaset,and k: N, X® ={ S PX | #S =k}

2. C :N? = N is given by C(n, k) = #{1,...n}H®. We write <Z) to
mean C(n,k). Values of C' are binomial coefficients.

Note that by symmetry,® each element a : X appears in the same number
ofsets S : X®:ie Va,b: X o #{S: XH® |acS}=#{S: X® |bec S}

Proposition 1.3.3. Vn,k : N,

n n n , n
0) = <n) =1, (1) =n, and if k > n, then (k) = 0.

k=0
Proof.

1. If the first k£ elements in an ordering of the set n determine a subset of
cardinality &, then there are k! possible orderings of the first £ elements,
and (n — k)! orderings of the remaining elements; hence, each subset is
given by kl(n — k)! of the n! orderings of the set n.

2. Follows immediately from (1), and the fact that {1, ... n} has no subsets
of cardinality k& > n.

5Le. Sym(X) acts transitively on X and X (¥,
5Hence, “Pascal’s triangle” computes the binomial coefficients.
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3. Follows immediately from (1).

n! n!
M%) G+ Dln—k -1
(n—=k)n!+(k+1)n! (n+1)!
T D=k G D(n—h)

5. Let N ={1,...n}, then{k:N|k<noN(k)}isapartitionofPN,

02" = #PN =#| JN® = Z#N("“ Z (Z)

k=0 k=0

Theorem 1.3.4 (The Binomial Theorem). Vn : N, the polynomial

(X +Y)" = Zn: (Z) Xkynk

k=0

Proof. By induction on n; n = 0 is trivial. Then,
(X+ YY) =X+ V)(X+Y)" O

n

=(X+Y)Y (Z) Xk ynk

k=0

- [i (k>Xk+1 y "k kZ( )X’“ Y"“"“]

k=0
_ (") yr+t + Xhynrti-k| 4 ) yn+1
0 k n
- < + >Xk Yn+1 k 4 (n + 1) Xn+1
pt k n+1

_ n+1 yrt
0

n+1 n
_ kv n+l—k
3 (v
k=0




1.4 The Inclusion-Exclusion Principle

Lemma 1.4.1. Vn:Ne —1)k+1 (n) =1.
;( e

Proof. By Theorem 1.3.4, i(_w(?;) = (1+ (=1))" = 0. Therefore,
1= (—1)0<g) = ;(-1)’“(2) —i(—l)k@) - 0+§(—1)’“+1 (:) O

Theorem 1.4.2 (Inclusion-Exclusion Principle).
If X is a finite set, and S : PP X, then

#S
#US=2 (0" > #(B
k=1 B:S(k)

Equivalently, for Ay,... A, : P X,
#UA= > pHR(4
1=1 J:P{1,..n} i:J
Equivalently,

AU A) =D (=DM N (4,0 Ay

k=1 I<n<..,<n

Proof. Given x : U S, suppose z € A for exactly m of the A : §.

By symmetry, z € ﬂ B for exactly (7;:) of the B : S®). Also, the terms

for k£ > m are all 0. Hence, z is counted exactly Z(—l)’““ (TZ) =1 time
k=1

by Lemma 1.4.1. O]
In particular, e.g. #( X UY)=#X +#Y —#(XNY).



1.5 Irrational and Transcendental Numbers

Definition 1.5.1. An 2rrational number is a number which is not ratio-
nal; i.e. it is not in Q.

Proposition 1.5.2. e is irrational.
Proof. Suppose e = % € Q with ¢ > 1.
| | | =1 a q! = ¢!
Zap(q—l).:q.e:q.zm: ZE + ZE
n=0 n=1 n=q+1

where the first term is an integer.” Thererefore, the second term is an integer.
q!
<
(g+ k) = (g+1)

However, for k£ > 1, - with strict inequality for £ > 1,

SO
0< —=) ——— <) ——— =-¢<1
2 T & A
and hence this term is not an integer; a contradiction. O]

Definition 1.5.3. For R : {Z,Q,R, C},

1. A monomial in variables Xy, ... X,, is of the form aX[*--- X' for
a: R, ky,... ky: N8

2. A polynomaial in one variable X is a sum of monomials in X.

In general, a polynomial f in one variable X has f = Z ap X" for

k=0
a1y ap: R|a, 0, or f =0.

3. If f is a polynomial in one variable, deg f = n is the degree’ of f, and
deg (0 = —00.1°

4. R[X] is the set of all polynomials in X with coefficients in R.

5. For f: R(X), z:C is a root of f if f(z) = 0.

"For n < ¢, ¢! is a multiple of n!, so the first term is a sum of integers.

8For convenience, we will take X° to be 1 even when X = 0.

9More generally, the degree of a polynomial in m variables is the largest of the > k;.
10_ 50 is not a number, but —co < n for any number n.



Proposition 1.5.4. For z : C, z is a root of a non-zero polynomial in Z[X]
iff it is a root of a non-zero polynomial in Q[X]; i.e.

(3f: Z[X]\ {0} & f(2) = 0) & (Fg: Q[X]\ {0} ® g(2) = 0)

Proof. Given g = Z&Xk, let f = [H @G| -g. Then f #0, f € Z[X], and
4r
k=0 k=0

f(z)=0.

The converse is trivial. O

Definition 1.5.5.

1. z: C is an algebraic number if it is a root of a non-zero polynomial
in Z[X].1

2. z: C s a transcendental number if it is not algebraic.

3. A is the set of algebraic numbers.
Proposition 1.5.6. Every rational number is algebraic.

Proof. Given a : Q, a is a root of (X — a) € Q[X]. O

Theorem 1.5.7. Liouville’s constant x = Z 10~™ is transcendental.

n=1

d
Proof. Suppose Z apz™ = 0 for some ay,...a4:7Z | ag # 0. For n : N, let

k=0
n—1 e )
Ay=)» 10", B,=10"" and C, = » 107"
=1 i=n-+1

so that Vn : Ny,
1. A, + B, + C, = z.
2. A, is an integer multiple of B,,, and if n > 1, B, < 4, < 1.

3. If n > d, then C, < 2-10-("D' < 2pd . 1ntd=(n+D! < pd,

HOr equivalently, Q[X].



(A, + B, + C,)% is a sum of terms of the form A? BIC"

" where p,q, 7
N|lp+qg+r=d"

e One term is BY,
e BFach term with » > 0 has A?BIC) < (),

e The remaining terms are integer multiples of A, B¢~! = B2.10™~(»=D!,

Similarly, for k : N | k < d, (A, + B, + C,)* is a sum of terms each of
which is either an integer multiple!® of B4~! = B¢ - 10™, or less than C,.
Hence, for sufficiently large n,

d
0= 10" Z azt = Z a;(Ap + By + Cp)' =S, - 10D gy 46,

=0

where S, € Z. It follows that aq + €, is an integer multiple of 10™~ (1)

len| < MT -2 - 10™9= ("D where M = maxo<p<q |ax] and T = 3d(d—1— 1)
is an upper bound for the number of terms in the expansion. Therefore, for
sufficiently large n, |e,| < |aq| < - 10"~"Y' and so a4 + €, is not an
integer multiple of 10™~ (=1 a contradiction. O

A similar proof shows that for x : R, if

xr — —

Vn:NoEIZ—;:Q00<

then z is transcendental.'*

1.6 Countability

Definition 1.6.1.
1. A set S is countable if 3f : N — §.1°
2. 8 is uncountable if S is not countable.

Equivalently, 3 f : S = N. Equivalently, either S is finite or 3 f : N »— §.
Note that for X countable, if 3f : X — Y or 3f': Y »— X then Y is
countable.

12E.g. by applying Theorem 1.3.4 twice.

13Since for k < d, BY is an integer multiple of B¢~!.

14Such an z is a Liouville number, and this result is Liouwville’s theorem on diophantine
approximation.

15].e. S can be enumerated, or “counted”, by the natural numbers, although the list
may be infinitely long.



Theorem 1.6.2.

1.

2.

N? is countable.

If Ay,... A, are countable, then Ay x --- A, is countable.

3. A countable union of countable sets is countable.

Proof.

1.

Let f : N — N? be defined inductively by f(0) = (0,0), and

(a+1,b—1) (b>0)

f<k>=<a,b>:»f<k+1>={(MH) o)

a+b+1

ThenV(a,b):NQOf([ Z j

=1

-+ a) = (a, b), hence f is surjective.!®

By strong induction on n; n = 0,1 are trivial, and n = 2 follows
immediately from (1).
For n > 2, given A;,... A, countable, A; x--- A, is countable by the

inductive assumption, and hence A; x -+ A, 11 = (A1 X -+ A4,) X A
is countable by the inductive assumption.

Let (4;);.; be a countable family of countable sets, with ¢; : [ — N
and for i : I, f; : A; — N. Define 7 : |J,.; A; — I so that a € Ay,
and F : J,; Ai = N2 by F(a) = (¢im(a), fra)(a)).

Given a,b : |, 4;, if F(a) = F(b) then since ¢; is an injection,
m(a) = m(b), and so since fr(a) = fr(») is an injection, a = b. Hence F
is injective.

The result follows by (1).

Corollary 1.6.3.

1.

Q is countable.

2. Q[X] is countable.

3. A is countable.

16.e. “rotate N? clockwise by 2 and read it like a book”.
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Proof.
1. Define f : Q — N2 by f(%) = (p,q).

2. Forn:N, P, ={f:Q[X]|degf < n} is countable,!” hence Q[X]| =

U,..y Pn is & countable union of countable sets.

3. For f : QX]\ {0}, Ry = {z:C| f(2) = 0} is finite,"® hence A =
Ur.qpx)\joy ¢ is a countable union of finite sets.

]

Theorem 1.6.4. R is uncountable.
Proof (Cantor’s Diagonal Argument). Given f: N — R

4 if the ith decimal place of f(1) is 5,

5 otherwise.

fori:Nletci:{

and define z : R by © = ¢yg.cico--+. Vi: N e f(i) # z, as they differ in the
ith decimal place. Therefore, f is not surjective. m
Corollary 1.6.5. There are uncountably many transcendental numbers.
Proof. Otherwise, R = (RN A)U (R \ A) is a finite union of countable sets,
contradicting Proposition 1.6.2.3 or Theorem 1.6.4. [
Theorem 1.6.6 (Cantor’s Theorem). For any set X, Bf: X —»PX.

Proof. Given f: X - PX,let S={z:X |z ¢ f(z)}. Notethat S €PX.
By construction, Vz : X, z € f(z) < z ¢ S. Therefore, Az : X o f(z) = S,
and f is not surjective. n

Hence, #X < #PX < #PPX < ...
Corollary 1.6.7. PN 1is uncountable.
Proof. Follows immediately from Theorem 1.6.6. [

In particular, if we define Xo = N and X,,11 = U,y P* X,, then Vn,k :
Ne#X,,1 >#P'X,.

7P, has a natural injection to Q™*!, which is countable by (1) and Theorem 1.6.2.2.
184 Ry < degf. E.g. see Theorem 3.9.6.

11



2 Numbers

2.1 Euclid’s Algorithm
Definition 2.1.1. For d,n:Z, d|n if 3k : Z e n = kd.

Proposition 2.1.2. For a,b,c:Z,

1. a|0,1]a,ala, and0|a < a=0.
(a|bAale)=al(b+ec).
alb=albec.
(a]bAb|e)=alec.

alb=la] <[]

S & e

(a|bAb|a)=a=b.

Proof.
1.0=0-a,a=a-1,a=1-a,andVk:Z e k-0=0.
2. (b=kaNc=FkKa)=b+c=(k+k)a.

3. b=ka= bc=(kc)a.

4. By(3),a|b:>a}k/b:c.

5. If b = ka, then |b| = |k||a| with |k] > 1, or a = b = 0.
6. By (5), [a] = [0].

Lemma 2.1.3. Vn,k:Z |k >0e3lqr:Z|0<r<ken=qgk+r.
Proof.

1. Existence: when n =0, ¢ = r = 0 is a solution.

Suppose n = gk +r. Then n+1 =gk +r+1. If r < k —1, then
n+1 = ¢gk+ (r+1)is a solution. Otherwise 7 = k£ — 1 and so
n = (q+ 1)k + 0 is a solution.

By induction on n, the result holds for n > 0. For n < 0, write —n =
gk+r. If r =0then n = (—q)k+0, otherwise n = (—1—q)k+ (k—r).

12



2. Uniqueness: suppose ¢k + 1 = ¢k + 71,0 < r,r < k. (¢—¢)k+
(r—1r') = 0and so k|(r — r’). It follows that r — v’ = 0 and then
g=q,r=r"

O]
This is division with remainders.

Definition 2.1.4. For a,b,c : Z, c is a highest common factor? of a
and b if:

1. c|a/\c|b.20

2.Vd:Ne(d|and|b)=d|c?

Proposition 2.1.5.

1. 0 is a highest common factor of 0 and 0.

2.V a:Z, ais a highest common factor of a and 0.
Proof.

1.O[OANO|OAYd:Ze (d[0OAd|0)=d]|0.

2. alanal0AVd:Ze(d|and|0)=d]a.

]

Proposition 2.1.6. a, b : Z have at most one highest common factor (up to
a change of sign).

Proof. Suppose ¢ and d are both highest common factors of a and b. Then
c| d and d | ¢, so ¢ = kd for some natural number %, and d = £’c for some
natural number &’. Hence, ¢ = kk'c, so either k = k' = &1 and ¢ = +d, or
c=d=0. O

9The highest common factor is unique, but we cannot define it to be unique.
204A highest common factor divides both numbers,”
2l4and any other common factor divides it.”

13



Theorem 2.1.7. Va,b:N,, a and b have a highest common factor.

Proof (Euclid’s Algorithm). Wlog a > b.

Let 1y = a and m, = b, and for 7 > 2, define ¢;, r; : N such that r;, < r;_;
and r,_o = ¢;r;_1 + 1;, so long as r;_1,1,_o > 0.

Since r; is a decreasing sequence of natural numbers, 3n : N e r, = 0
(and thus 7,41 is not defined). Let ¢ = r,,_;.

Claim: ¢ ‘ a A c ‘ b.

Proof of claim: Since 1, =0, ¢ | T N\ C ‘ Tr_1.

Also, since 1,19 = 1; — ;1311 for 1 < n — 2, (c | Tizo N\ C | 7”z‘+1) = c|r;.

By backwards strong induction on 4, it follows that Vi : N |i < n e ¢ |,
and hence c‘a/\c‘b.

Claim: If d ! ad | b for some natural number d, then d | c.

Proof of claim: By assumption, d ! 0 A d ‘ .

Also, since 1,9 = 1; — q;1i41 for ¢ < 2, (d ‘ r; A d ‘ n-H) =d | Tito.

By strong induction on i, it follows that Vi : N | i < n e d | 1;, and hence
d } c(as c=ry_1).

Therefore, c is a highest common factor of a and 0.2 O

Corollary 2.1.8. Ya, b : Z there is a unique non-negative highest common
factor of a and b.

Proof. We already know the result for a,b > 0. Then, it is enough that a
highest common factor of |a| and |b] is also a highest common factor of a
and b. Uniqueness follows from Proposition 2.1.6. m

Definition 2.1.9. For a,b : Z,
1. HCF(a) = |al.
2. HCF(a, b) is the (non-negative) highest common factor of a and b.
3. Forn >2, a;: Z, HCF(ay, ... a,41) = HCF(HCF(ay, . .. a,), Gy41).
HCF(ay,...a,) is a true generalisation of HCF(a, b):

Proposition 2.1.10.

1.Vi:N|1<i<neHCF(a,...a,)|a.

22Note that this proof is constructive, as it provides an algorithm for computing c. It
is easy to see that the algorithm will terminate in at most b steps; in fact, the worst-case
complexity of the algorithm is O(log b), when a, b are consecutive Fibonacci numbers.

14



2.¥d:Ze(Vi:N|1<i<ned|a)= d|HCF(a,...a,).

Proof. By induction on n. n = 1 is trivial, and n = 2 is Definition 2.1.4.2.
Let h = HCF(ay,...qa,), and ' = HCF(ay,...a,.1). Suppose the result
holds for n.

1. B |h A h'| ap41 by Definition 2.1.9. Then, for 1 < i < n, h'| h|a; by
the inductive assumption.

2. Given d | a; for 1 <i<n+1,d ‘ h by the inductive assumption, and
d } a,+1, hence by Definition 2.1.4, d | .

[]

Definition 2.1.11.

1. a,b:7Z are coprime (or relatively prime) if HCF(a, b) = 1.

2. S :PZ is coprime ifVa,b: S| a#b, a b are coprime.?

Corollary 2.1.12. Va,b:Z e 3z,y:7Z e ax + by = HCF(a,b).

Proof (Extended Euclidean Algorithm). If a or b is 0, the result is trivial.
Wlog a, b > 0.

Let 7;,n be defined as in the proof of Theorem 2.1.7. By definition,
nm=a-14+b-0andrm =a-0+0b-1.

If ,_9 = ax + by and r;,_; = ax’ + by’ for some natural number 7 > 2 and
integers z, y, 2’ y’, then r, = 1,9 — qri1 = a(z — q2’) + b(y — @y').

By strong induction on 4, it follows that HCF(a, b) = r,,_1 can be written
in this form.?* O

Theorem 2.1.13. ?°

Vn:N+oVa1,...an:ZoEle,...xn:ZoZajxj:HCF(ai)

j=1

Z3This is not the same as saying HCF(S) =
infinite sets, HCF(2, 3,6) = 1 but HCF(2,6) = 2.

24 Again, the proof is constructive.

25This is a direct generalisation of Corollary 2.1.12.

1; besides not having defined HCF for
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Proof. By induction on n. The result for n = 1 is trivial, and the result for
n = 2 is Corollary 2.1.12.
Suppose that HCF(ay, ... a,) = Y ., a;z;. By Corollary 2.1.12,

Jz,y:7Z e HCF(HCF(ay, ... a,), a,r1) = HCF (a1, ... a,) - T+ api1y
And so

HCF(ay,... ay41) = (Z ai(:mi)> + a1y

i=1

2.2 Integer Linear Equations

An integer linear equation in one variable z : Z is of the form ax = b for
a,b:Z | a # 0. This equation has a solution iff a | b, as this is precisely
Definition 2.1.1. The solution is necessarily unique.?%

We can give a similar condition for an integer linear equation az + by = ¢
in two variables z,y : Z, with constants a,b,c : Z | a,b # 0, to have a
solution.

Corollary 2.2.1.
Vabc:Z|ab#0e(3z,y:Zeazx+by=c)< HCF(a,b)|c

Proof. Negating z or y if necessary, wlog a, b > 0.

Suppose Jx,y : Z ® ¢ = ax + by. Since HCF(a, b) ‘ a AN HCF(a, b) ‘ b, it
follows that HCF(a, b) | c.

Conversely, suppose ¢ = k - HCF(a, b) for some k : Z. Then by Corol-
lary 2.1.12, 32,y : Z o a(kz) + b(ky) = k - HCF(a, b) = ¢.*" O

Note that a solution z, y cannot be unique, as a(x + kb) + b(y — ka) = ¢

is a distinct solution V& : Z.

A similar result can be shown for integer linear equations in any number
of variables.

Theorem 2.2.2. 2Vn:N, eVay,...a,,b:Z]|a; #0e

<3xl,...zn :ZoZajxj = b) < HCF(a;) | b

j=1

26Because a has a multiplicative inverse % € Q.

27 And when this solution exists, we have an algorithm to construct it.

284For all n, an integer linear equation in n variables has a solution iff the HCF of the
coefficients divides the constant term.”
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Proof. Suppose the z; exist. By Proposition 2.1.10.1, V;j ¢ HCF(q;) | a; ;,
and so it follows that HCF(a;) | b.

Conversely, suppose b = k - HCF(q;) for some k : Z. Then by Theo-
rem 2.1.13, 3z; ® 337 | a;(kz;) = b. O
2.3 Congruence Modulo n
Definition 2.3.1. For a,b:Z,n:Ny, a=b (mod n) if n |(b — a).

a and b are said to be “congruent modulo n.”

Proposition 2.3.2. = (mod n) is an equivalence relation.
Proof. Y a,b,c:7Z,

1. Refexivity: n|(a — a).

2. Symmetry: n|(b—a) = n|(a—b).

3. Tramsitivity: (n|(b—a) An|(c—0b)) = n]|((c—b)—(a—1)).

Definition 2.3.3. Z,, is the set of equivalence classes for = (mod n).

These equivalence classes are all of the form [a], = {k :Z e a+kn}. By
Lemma 2.1.3, Z,, = {[0],,...[n — 1],}, and #Z,, = n.

Proposition 2.3.4. For a,b,c,d :Z, n :N,, if a =b (mod n) and ¢ = d
(mod n) then:

1. a+c=b+d (mod n).
2. ac = bd (mod n).
3. Vk:N, ea*=0b* (mod n).
Proof. Let b=a+ pn, d = c+ gn for p,q : Z.
LLb+d=a+c+(p+q)n.
2. bd = ac + (pc + qa + pgn)n. .
3. By Theorem 1.3.4, b* = (a + pn)* = a* + ( y (k) aipk_ink_i_l) n.
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Definition 2.3.5. V[a],, [b], : Zn, k : N,

These are well-defined? by Proposition 2.3.4. Associativity, commuta-
tivity and distributivity follow immediately from the same properties in Z.3°

Where it is clearer, we will write a : Z, to mean [a], : Z, and a : Z
interchangeably.

Proposition 2.3.6. if a = b (mod n), then HCF(a,n) = HCF(b, n).?!

Proof. Let h = HCF(a, n), ' = HCF(b,n) and b = a + kn. h|a A h|n, so
h|(a+ kn). Similarly, b’ | a. (h|b A h|n) = h|K, and (W' |a A B |n) =
h'| h. Therefore h = I'. O

It follows that for [a], : Z,, HCF(a, n) is well-defined.
Definition 2.3.7. Z, = {a: Z, | HCF(a,n) = 1}.

Proposition 2.3.8. For a : Z,,
1. ab =1 (mod n) has a unique solution b : Z. iff a € Z. .
2. ab=0 (mod n) has a solution b 0 (mod n) iff a ¢ Z.,.
Proof.

1. By Corollary 2.1.12, a solution exists iff HCF(a, n) = 1.

If aby = aby = 1 (mod n) then by = abyby = abiby = by (mod n), so
the solution is unique modulo 7.

2. Let f(z : Z,) = az. By Corollary 2.1.12, 1 ¢ ranf, and so f is not
surjective. Since Z,, is finite, f is not injective, so 3z, y : Z, |z # y o
ax = ay. Hence, a(y —x) =0 (mod n) but y —z Z0 (mod n).

Conversely, suppose ab = 0 (mod n), with b £ 0 (mod n). If a € Z,,
then 3p : Z, e ap =1 (mod n), but then p-0 = pab = b # 0 (mod n).
Therefore a ¢ Z,.

]

291.e. we get the same results even if we choose different representatives b, d from the
equivalence classes [a]y, [¢]n.

30T herefore, Z,, is a ring.

31In particular, a,n are coprime iff b, n are coprime.
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2.4 Prime Numbers
Definition 2.4.1.
1. p:N|p>1isaprime number (or a prime) if

Va,b:Zop‘abi(p‘a\/p“))

2. n:N|n>1is a composite number if n is not a prime number.
We also say “p is prime” or “n is composite”.
Lemma 2.4.2. If p : N is prime, thenVd : N e d{p < (d=1Vvd=p).

Proof. Suppose d ‘ p but d # 1, p. By Proposition 2.1.2.5, 1 < d < p and so

p=kd with 1 <k <p. Now p|kd = (p|k V p|d), contradicting k, d < p.
The converse is trivial. O]

Proposition 2.4.3. Distinct prime numbers are coprime.

Proof. Let p # ¢ be primes, h = HCF(p, q). h‘p = (h=1V h =p), and

h|q= (h=1V h=q). Therefore h = 1. O

Proposition 2.4.4. If p is a prime number, then
N
Vn:N,eVa,...av:Ze <p|Haj:>E|é:N\1<i<Nop|ai>
j=1

Proof. By induction on N. N =1 is trivial, N = 2 is Definition 2.4.1.
Suppose p ! HJN:JZI a;. By Definition 2.4.1, (p ‘ vazl aj) V p ‘ aNi1- m

Corollary 2.4.5. Z, = Z, \ {0}.
Proof. Follows immediately from Lemma 2.4.2. ]
Therefore, Z, is a field.

Proposition 2.4.6. Every natural number n > 1 has a prime factor.

Proof. Let F = {k : N | k|n}. F 2 {1}, and so let p = min(F \ {1}).
Vd:N|1l<d<pedip,as d’p = d|n and p is minimal. Therefore, by
Lemma 2.4.2, p is prime. O

In particular, every composite n has a factorisation n = pk, with 1 < p, k < n.%

32Hence for composite n, Z, is not an integral domain.
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Corollary 2.4.7. For a,b,c : Ny, if a,c and b, ¢ are coprime, then ab, c
are coprime.

Proof. Suppose HCF(ab, c) > 1. By Proposition 2.4.6, HCF(ab, ¢) has a
prime factor p, with p | ab N\ p | c. It follows from Definition 2.4.1 that
P ‘ aVp ’ b, and so either a, ¢ are not coprime, or b, ¢ are not coprime. [

Theorem 2.4.8. There are infinitely many prime numbers.

Proof. Suppose there are finitely many primes pi, ... py, for some N : N.33
Let P = 1+][, pi. By Proposition 2.4.6,>* P has a prime factor ¢. However,
Vi:N|1< i< N ep;tP, and so the list was not complete, as it did not
contain the prime number gq. ]

Theorem 2.4.9 (Fundamental Theorem of Arithmetic). Vn : Ny, n has a
unique®® representation as a product of primes.>

Proof. By strong induction on n. n = 1 has a unique representation as the
empty product.

1. Existence: for n > 1, by Proposition 2.4.6 n has a prime factor py, and
so n = kpy for some k : N, | £ < n. By the inductive assumption,
k= pi---py for some N : N, and so n = pop1 - - - pn.

2. Uniqueness: suppose n = py---py = ¢ ---qy for p;, ¢; prime. By
Proposition 2.4.4, py ! g; for some j. By Proposition 2.4.3, py = ¢;
and by renumbering the ¢;, py = qv and p1---py_1=q1 -+ qv_1 < n.
By the inductive assumption, py,...py_1 and ¢, ... qy_1 are the same
(up to re-numbering).

]

33Note that this proof does work for N = 0, as 1 4 the empty product = 2 has a prime
factor not in the empty list.

34Note that P > 1 by definition.

35The representation is unique up to re-ordering the primes.

36Therefore, Z is a unique factorisation domain.
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2.5 Linear Congruence Equations

A linear congruence equation in m variables z; is of the form

ajz; =b (mod n)
1

m

J

Proposition 2.5.1.
1. az = b (mod n) has a solution iff HCF(a,n) | b.

2. ax = b (mod n) has a unique solution iff a € Z,.

3. A linear congruence equation in m variables x; has a solution iff
HCF (a1, ... apm,n) | b.

Proof.
1. By Corollary 2.2.1.

2. Suppose a € Z,. By Proposition 2.3.8.1, a has a multiplicative inverse
p : Z,, and so z = pb is a solution. Also, if ax = az’ = b (mod n),
then z = apr = apz’ = 2’ (mod n).

Otherwise, suppose a ¢ Z,. By Proposition 2.3.8.2, 3p : Z, @ ap =0
(mod n) A p# 0 (mod n). It follows that if z is a solution, z + p is a
distinct solution modulo n.

3. The congruence has a solution iff the corresponding integer linear equa-

tion <Z]m:1 aja:j> + nxy,+1 = b in m + 1 variables x; has a solution.

The result follows from Theorem 2.2.2.
O]

Lemma 2.5.2. For ay, ag, by, by : Z,nq, ny : Ny | HCF (ny, np) = 1, the simul-
taneous congruences a;x = b; (mod n;) have a solution z iff each congruence
individually has a solution.

Proof. Suppose for i = 1,2, 3z; : Z : a;z; = b; (mod n;). By Corol-
lary 2.5.1.2, 3p1,po : Z @ pyngy = 1 (mod ny) A peng = 1 (mod ny). Then
T = pangxy + pymia has © = 21 (mod my) A z = 2, (mod ny), solving both
equations simultaneously.

The converse is trivial. O

If 21, 25 are unique modulo n, ny respectively, it follows that z is unique
modulo n;ns.
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Theorem 2.5.3 (Chinese Remainder Theorem). A set of m : N, simulta-
neous linear congruence equations a;x = b; (mod n;) in one variable z, with
n; coprime, has a solution iff each congruence individually has a solution.

Proof. By induction on m. m = 1 follows from Proposition 2.5.1.1, and
m = 2 is Lemma 2.5.2.

Given m simultaneous congruences, we can replace two of them with
the single congruence z = ponpzy + p1mia (mod nyny), as in the proof of
Lemma 2.5.2. By Corollary 2.4.7, for ¢ > 2, myng, n; are coprime. By the
inductive assumption, the resulting m — 1 simultaneous congruences have a
solution.

The converse is trivial. O

By Proposition 2.5.1.2; if the individual solutions the solutions z; are
unique modulo n;, then z is unique modulo [] n;.3

37A practical application of this result is that if an army of N soldiers knows the re-
mainders r; when the soldiers are divided into groups of p; (for sufficiently many primes
that [[ p; > N), then the exact size of the army can be computed from the simultaneous
congruences N = r; (mod p;).
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3 Groups

3.1 Groups

Definition 3.1.1 (Group Axioms). If G is a set, and —-_: G x G — G is
a binary operator on G, then the pair (G,-) is a group if:

1.Va,byc:Ge(a-b)-c=a-(b-c).
2.de:GeVg:Gee-g=g-e=g.
3.Vg:Gedgt:Gegl-g=g-gt=c.

e is the identity element, and ¢~! is the inverse of g. The binary

operator is group multiplication, and the symbol - is usually omitted. For
k : Z we will write g* to mean the product of |k| copies of g or g~!, with
g° = .38 Where it is clearer, we will write G to mean a set G and a group
(G, ) interchangeably. We may write eg to mean the identity element of a
group G in particular.

Proposition 3.1.2.
1.Vgh:Gegh=g& hg=g< h=e
2.Vg,h:G|lgh=eshg=ce h=g 12

Proof.

1. gh=9g= g 'gh=g'g=h=ce. hg=gis similar.

2. gh=e= ghg=g. By (1), hg = e.
Suppose hy, hy : G are inverses of g. Then hy = hye = hyghy = ehy = ho.

O

Note that for g,h : G, (h™'g71)(gh) = h™ (g7 g)h = h™'h = e, and so
(gh)1 = h-1g".

If G is Abelian, where it is clearer we will write 0 to mean e, g + h to
mean ¢ - h, and kg to mean g¢".

38The usual exponent rules follow.

39L.e. the identity element is unique, and is the only left-identity and the only right-
identity.

407 e. the inverse of ¢ is unique, and is the only left-inverse and the only right-inverse.
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Definition 3.1.3. 1 = ({e},:), with e - e = e, is the trivial group.

Definition 3.1.4.
1. Forg: G, {(g)={k:Zeg"}
2. Giscyclicifdg: Ge(g)=G.
3. Forn :Ny, C, = (Zyn,+).

If G = (g) then g is a generator.

3.2 Commutativity
Definition 3.2.1.

1. If g,h : G| gh = hg, then g,h commute.
2. IfVg,h: G egh=hg, then G is Abelian.

Definition 3.2.2.
1. For g: G, Cg(g) ={h: G| gh=hg} is the centralizer of g.
2. For H:PG,Co(H)={g:G|(Vh:Hegh=hg)}
3. Z(G) = C¢(G) is the center of G.

Where it is clearer, we will write C to mean Cg.

3.3 Homomorphisms

Definition 3.3.1.
1. 0: G — H is a homomorphism ifVa,b: G e0(a-b)=20(a)-0(b).
2. An isomorphism is a bijective homomorphism.

3. G = H (G, H are isomorphic) if there is an isomorphism 6 : G — H.
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Proposition 3.3.2. For a homomorphism 6 : G — H,
1. O(eq) = eq,
2.Vg:Gel(g7)=0(g)" .
Proof. Given ¢ : G,
1. 8(g) =0(eqg) = 0(e¢)0(yg), so by Proposition 3.1.2.1 8(eq) = ey.

2. ey = O(eg) = 0(g97) = 0(g9)0(g~"), and so by Proposition 3.1.2.2
0(g~") =0(g)~".

[]

Proposition 3.3.3. = is an equivalence relation.
Proof.
1. Reflexivity: idg : G — G is trivially an isomorphism.

2. Symmetry: suppose # : G — H is an isomorphism. Since 6 is a
bijection, 67! is a bijection. Given a, b : H, let a = 6(c) and b = 6(d).
Then 67(ab) = 071(0(c)0(d)) = 071 (0(cd)) = cd = 071 (a)07 (D).
Hence, 0 is a homomorphism.

3. Transitivity: suppose 6 : G — H, ¢ : H — K are isomorphisms. Then
@0 is a bijection, and for a, b : G, ¢pf(ab) = ¢(0(a)f(b)) = ¢0(a)pd(b)

and so ¢f is a homomorphism.

]

Definition 3.3.4. For a homomorphism 6 : G — H, the kernel of 0 is
ker ={g:G|0(g9) =en}.

Proposition 3.3.5. 0 is injective iff ker 0 = 1.

Proof. Suppose ker = {eg}. Then Vg,h : G e 0(g) = 0(h) = 0(gh™') =
0(g)0(h) ' =ex=ght=ec=g=nh.
The converse is trivial. ]

Definition 3.3.6. A homomorphism 6 : G — H is trivial if ker = G.

Equivalently, 6 is trivial iff ran§ = 1.
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3.4 Subgroups

Definition 3.4.1. For H : PG, (H,") is a subgroup of (G,-) if:
1. ee H,
2.Vg:HeqglecH,
3. Vg,h:HeghecH.

We write H < G. If H # G, then H is a proper subgroup of G, and we
write H < @G.

Note that if H < G, then H is a group. Where it is clearer, we will write
H<LGitH=2H <G.

Definition 3.4.2. Gc={H:PG|H<L G}

Proposition 3.4.3. (g) < G.

Proof. For k, k' : Z, e = ¢°, (¢*)~' = g%, and gFg* = ¢gF+¥". ]
Proposition 3.4.4. If 0 : G — K is a homomorphism, (H <0) : H - K
s a homomorphism.

Proof. Trivial. O]

Proposition 3.4.5. If 0 : G — H is a homomorphism,
1. ker6 < G,
2. ranf < H.

Proof.

1. O(eq) = ey, and for g1, gy : ker®, 0(g; ") = 0(g1)"! = e”! = e, and
0(g192) = 0(g1)0(g2) = €* = e.

2. ey = 0(eg), for by, hy : ran®, 3g; : G o O(g;) = h;, so byt = 0(g; 1),
and hlhg = Q(glgg)

]

“INote that for H, K : G¢, H 2 K # H = K.
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3.5 Cosets
Definition 3.5.1.

1. For A:PG,g: G, gA={a:Aega}, and Ag={a:Aeag}.
2. For AB:PG,g: G, AB={a:A,b: Beab}.
3. For HS G, gH ={g: GegH} is the set of left-cosets of H.

4. For H< G, H; ={g: G e Hg} is the set of right-cosets of H.

Proposition 3.5.2. For A,B:PG, g,h: G,
1. eA= Ae = A.
2. (gh)A = g(hA), (Ag)h = A(gh), and (gA)h = g(Ah).
3. (9A)B = g(AB), (AB)g = A(Bg), and (Ag)B = A(¢B).
4. #A =H#gA=H#Ag.

Proof. By associativity and inverses in G. [

Lemma 3.5.3. For H < G, ¢H and Hg are partitions of G.

Proof. Let R : G <> G be defined by gRh iff ¢ € hH. R is an equivalence

relation, as for a, b, ¢ : G,
1. Reflexivity: e € H = a = ae € aH.

2. Symmetry: a € bH = (3¢ : H ® a = bg)
:>(E|g_1:Hob:ag_1):>b€aH.

3. Transitivity: (e € bH ANb € cH)
= (Jg,h: Hea=0bgNb=ch)
= (Jhg: H @ a =c(hg)) = a € cH.

Hg is similar. O
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Corollary 3.5.4. For H < G, a,b: G, the following are equivalent*?:

1. a € bH,

2. b la € H,
3. aH = bH,
4. b aH = H
Proof.
o (1) (2): acbH < blac b0l = H.
e (1) = (3): By Lemma 3.5.3, a € bH = aH NbH # () = aH = bH.
e 3)= (4): aH =bH & b 'aH =b""0H = H.
e 3)=(1): a=ae € aH, and aH = bH, so a € bH.

In particular, for a: G, aH = eH = H iff a € H.
Proposition 3.5.5. For H < G,
VA:PG|A40e AH=H< HA=H< ACH

Proof. If A C H, then for a : A,h: H, a € H and soVah : AH e ah € H.
Also, given h : H, choose a : A, then a™'h € H and so h = aa"'h € AH.
Otherwise, 3a: A|a ¢ H,so a =ae € AH and AH # H.
Similarly for HA = A. m

In particular, HH = H.

3.6 Orders

Definition 3.6.1. For g : G, |g| is the least n : Ny such that ¢" = e. If
there is no such n, |g| = c0.®3

|g| is the order of g.
Proposition 3.6.2. Vg: G,n:Z||g| #cc e g" =ec & |g| | n.

Proof. Suppose g" = e. By Lemma 2.1.3, n = ¢q|g| + r for 0 < r < |g| and
e=g"= (g'g‘)qgr = elg" = ¢". It follows that r = 0.
Conversely, if n = k |g| then g = (gl9)* = e. ]

42Gimilarly for right-cosets.
4350 is not a number, but co > n for any number n.
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Proposition 3.6.3. |g| = # (g).

Proof. If |g| # oo, the result follows by Lemma 2.1.3 and Proposition 3.6.2.
If |g| = oo, then g = ¢ = e =¢"* = a=>bandso f(k:Z)=g"isa
bijection.* O

In particular, Vg : G, ¢°, ¢',...¢l9"" are distinct, and G is cyclic iff
Jdg: Gelg|=#G.

Proposition 3.6.4. G is cyclic iff G = Z or G = C, for some n : N,.

Proof. Suppose G = (g).

If |g| = oo, let f(k : Z) = ¢*. Otherwise, let f(k : Zj,) = g*. Either way,
by Proposition 3.6.3 f is an isomorphism.

Conversely, Z = (1) and Z,, = ([1],)- O

Note that f depends on the choice of the generator ¢, which is not unique
for n > 2.

Lemma 3.6.5. If a, b : G commute, with |al|,|b| coprime, then |ab| = |al|b|.

Proof. Let m = |a|,n =1b]. (ab)™ = (a™)"(b")™ = e, and so |ab| < mn.
Conversely, if |ab| = d, e = (ab)™ = a"*(b")* = a™ so m|nd and by
Theorem 2.4.9, m ’ d. Similarly, n } d, and so mn ‘ d. Hence, mn < d. O

Theorem 3.6.6. If G is Abelian, and { g : G e |g|} is bounded above, then
dg: GeVh:Gelhlllgl

Proof. Let |g| be maximal. Suppose 3h : G e |h|{|g|. By Theorem 2.4.9,
|h| = pk for some prime p{|g|. It follows that ‘hk‘ = p and so by Lemma 3.6.5,
‘hkg‘ = plg| > |g|, a contradiction. O]

3.7 Group Actions
Definition 3.7.1.

1. For a set X, Sym(X) =X — X.
2. Forn:Ny, S, =Sym({l,...n}).

4450 is not really a cardinal, but here #Z = oo is used as a shorthand for “Z is infinite”.
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Proposition 3.7.2. For a set X, (Sym(X), o) is a group.
Proof.
l.Vo71: X —»XecorT€ X — X.
2. o is associative.
3. idx : X — X.
4. Vo: X—»XeJo': X —»Xeo loog=0co00 ! =idy.
0

Sym(X) is the “permutation group of X”, or the “symmetric group on
X7. S, is the “symmetric group on n elements”.

Definition 3.7.3.
1. A group action on X is a homomorphism 0 : G — Sym(X).
2. 0 is a faithful group action if it is injective.
3. 0 is a trivial group action if it is a trivial homomorphism.

We say “G acts on X7, “G acts faithfully on X7, or “G acts trivially
on X”7. Where G is presented as a subgroup of Sym(X), the inclusion map
gives the natural group action on X, and we say “G acts naturally on X7”.

Where it is clearer, we will write gz to mean 6(g)(z).

Proposition 3.7.4. If G acts on X,
1.Vg,h:G z:X eg(hr)=(gh)x.
2.Vr: X eer=u.

3. The action is faithful iff Vg: Ge (Vz: X e gr =12) = g=ce.

Proof.
1. 0(g)(0(h)(z)) = (6(g) 0 O(h)) ().

3. By Proposition 3.3.5, # is faithful iff ker# = 1.
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Proposition 3.7.5. If G acts on X, and H < G, then H acts on X.
Proof. 1f 0 : G — Sym(X) is a homomorphism, then by Proposition 3.4.4,
(H <0): H— Sym(X) is also a homomorphism. O
Definition 3.7.6.

1. The orbit of z, Orbg(z) ={g: G e gz }.

2. The stabiliser of x, Stabg(z) ={g: G| gz =z }.

Where it is clearer, we will write Orb to mean Orb¢, and Stab to mean
Stabg.

Proposition 3.7.7. {z : X e Orb(z) } is a partition of X.

Proof. Let R : X <> X be defined as zRy iff z € Orb(y). R is an equivalence
relation, as for z,y, 2z : X,

1. Reflexivity: z € Orb(z) as z = ex.
2. Symmetry: z € Orb(y) = (Jg: G e z = gy)
= (EI gl Gey= g_lx) =y € Orb(z).
3. Transitivity: (z € Orb(y) A y € Orb(2))
= (dg,h: Gex =gy ANy = hz)
= (Jgh: Gex=(gh)z) = z € Orb(z).

Proposition 3.7.8. Vz : X e Stab(z) < G.

Proof. ex = z, and VY g,h : Stab(z), gt = 2 = z = ¢ 'z, and (gh)z =
g(hz) = gz = x. O

Theorem 3.7.9 (Cayley’s Theorem). Every group is isomorphic to a sub-
group of a permutation group.
Proof. Let 0(g : G) = ¢, : Sym(G), where ¢4(h : G) = gh.
1. ¢, is injective, as gh = gh’ = g 'gh = g g’ = h =1’
2. 0 is injective, as ¢, = ¢, = g = ¢4(e) = pp(e) = h.
3.V g.h: G edyodn =g
Hence, G = ranf < Sym(G). O
Le. every group acts naturally and faithfully on itself by left-multiplication.®

*50r by right-multiplication of inverses, with ¢} (h) = hg™".
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Proposition 3.7.10. For H < G, 0 : G — Sym(qH) defined by 0(a)(bH) =
(ab)H is a homomorphism.

Proof. If bH = cH then (ab)H = a(bH) = a(cH) = (ac)H. Therefore,
0 is well-defined. Also, YVg,h : G e g(hH) = (gh)H. Therefore 0 is a
homomorphism. O

I.e. every group acts on left-cosets?® of its subgroups.

3.8 Lagrange’s Theorem

Theorem 3.8.1 (Lagrange’s Theorem). If G is a finite* group, and H < G,
1. #G = #qH - #H. In particular, #H ’ #G.
2.Vg: Go|g||#G.

Proof.

1. By Proposition 3.5.2.3 and Lemma 3.5.3, G has a partition into #¢H
sets of cardinality #H .

2. By Proposition 3.6.3, Proposition 3.4.3, and (1), |g| = # (g) ‘ #G.

Corollary 3.8.2. C, < C,, iff k ‘ n.

Proof. Suppose n = kd for some d : N,. Let g : C, be a generator, then

(9%)F = e but for 1 < k' < k, dk' < n and so (¢%)¥ # e. Hence |g%| = k and
d\ ~

(99) = C

The converse follows immediately from Theorem 3.8.1.2. O

Theorem 3.8.3 (Orbit-Stabiliser Theorem). If G is a finite'” group acting
on a set X, then Vx : X e #Orb(z) - #Stab(z) = #G. In particular,
Orb(z |#G

Proof. Let H = Stab(z). By Proposition 3.7.8 and Lemma 3.5.3, ¢ H is a
partition of G. Let f : Orb(z) — ¢H be defined by f(gz) = gH.

1. f is well-defined: if gr = hz, then # = g 'ha = ¢ 'h € H. By
Corollary 3.5.4, gH = hH.

46Qr, similarly, right-cosets.
47In fact, the proof does extend to infinite groups.
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2. f is injective: by Corollary 3.5.4, gH = hH = g 'h € H = ¢ ‘hx =
T = gr = hx.

3. f is surjective: given gH : ¢H, f(gz) = gH.

Therefore, f is a bijection. The result follows by Theorem 3.8.1.1. ]

3.9 The Group 7,

Definition 3.9.1. Euler’s totient function ¢(n : N,) = #7Z,

¢(n) counts how many of 1,...n are coprime to n.
Proposition 3.9.2. For p prime,

1. ¢(1) = 1.

2. ¢(p)=p—1

3. Yk :Nyeop(ph) =p*'(p—1).

4. Vm,n: N, | HCF(m,n) =1 e ¢(mn) = ¢(m)o(n).*
Proof.

1. Trivial.

2. Follows immediately from Lemma 2.4.2.

3. Let 1 < a < p*. By Theorem 2.4.9, every such a which is not coprime
to p* has a = pd for some 1 < d < p*~'. Therefore, F# Lok — #Z;k =

p* " and so #Z, = p* —p*t =p*t(p - 1).

4. By Lemma 2.5.2, az =1 (mod m) and bz =1 (mod n) have a unique

simultaneous solution (4 ) : Z,,, for each (a,b) : Z;, X Z,,.

Conversely, by Proposition 2.3.8.1 each z : Z. . has a unique ¢ : Z,
with cz = 1 (mod mn). Letting a = ¢ (mod m),b = ¢ (mod n),
it follows that a € Z,, and b € Z,, and so © = (,y). Therefore,
WL = # (L X L) = #2Ly, - HL,.

O

48By Theorem 2.4.9, it follows that ¢(n) can be computed relatively easily, i.e. we don’t
actually have to find all of the HCF's.
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Proposition 3.9.3. (Zn, ) 1S @ group.

Proof. Follows immediately from Proposition 2.3.8.1. O]

Theorem 3.9.4 (Fermat-Euler Theorem). Va : Z, o a®™ = 1.

Proof. Follows immediately from Theorem 3.8.1.2. O]

Corollary 3.9.5 (Fermat’s Little Theorem). If p is prime, then Va € Z, ®
a? = a (mod p).

Proof. a = 0 is trivial. By Corollary 2.4.5, if a # 0 then a € Z, p» and so by
Theorem 3.9.4 and Proposition 3.9.2.2, a? = a?la=1-a (mod p). 0

Theorem 3.9.6. For p prime, a polynomial of degree k : N in one variable
has at most k roots in Z,.

Proof. By induction on k. k = 0,1 are trivial.
Suppose 7 is a root of f(X) = ¥ ;X7 (mod p), with aryq # 0.9
Let g(X) = Zf:o b; X" (mod p) where by, = a;41 # 0, and for 0 < i < k,
bi—1 = a; + rb; (mod p).

k
(X —7) EZbl (X —rX")
=0
k

Z zl_rb ]—T’bo

— k+1

=1

k
Z a,—Xi] — by

— k+1
= ak+1X T +
i=1

f(X)—ag—rby (mod p)

By evaluating at X = r, it follows that ay + rby = 0 (mod p) and f(X) =
(X —r)g(X). By Proposition 2.3.8.2 and Corollary 2.4.5, if f(z) = 0, either
z =r or g(z) = 0. By the inductive assumption, ¢g(X) has at most k roots,
and so f(X) has at most k + 1.5 O

49Gince deg f € N, f is not the zero polynomial.
*0The only fact we used about Z, was that ab=0=-a =0V b = 0, so this proof also
works for Z[X], Q[X], R[X] and C[X]. See IB Groups, Rings and Modules.
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Corollary 3.9.7. For p prime,
1. Ya:Z,, a has at most two square roots.
2.Va:Z,ea=a"4a==%l (mod p).

Proof.
1. By Theorem 3.9.6, X? — a (mod p) has at most two roots.5!

2. ais aroot of X? —1 (mod p). By (1), there are no more roots.

Theorem 3.9.8. For p prime, Z; 15 cyclic.

Proof. By Theorem 3.6.6, 3¢ : Z,  Va : Z, o |a|||g|, and so Va : Z, e
alYl = 1 (mod p). Tt follows that X9/ — 1 has p — 1 roots in Z, and so by

*

Theorem 3.9.6, p—1 < |g|. By Theorem 3.8.1.2, |g| = p—1land (g) =Z,. O

p

A generator of Z; is also called a primitive root modulo p.
Corollary 3.9.9 (Wilson’s Theorem).

1. For p prime, (p —1)! = —1 (mod p).

2. For n composite, (n — 1)l =0 (mod n).

Proof.

1. p = 2 is trivial. Suppose p = 2k + 1 is prime.*?

Let g : Z, be a generator. Since (¢¥)*> = 1 (mod p) but |g| # &, by
Corollary 3.9.7.1 g* = —1 (mod p).

By Corollary 2.4.5 and Corollary 3.9.5,

p(p—1)

p—1
p-D=]]e=]]s=9 7 =0¢")=¢"=-1 (modp)
a:Z, =1

2. By Proposition 2.4.6, n has a factorisation n = ab with 1 < a,b < n,
so ab =0 (mod n), and the product (n — 1)! includes a, b.

]

51For p > 2, if b # 0 is a square root, —b is a distinct square root, and it follows that
exactly half of Z, are squares.
529 is the only even prime number. It is often a special case because Z, = 1.

35



Corollary 3.9.10. For p prime, Z; contains a primitive nth root of 1 iff
p=1 (mod n).

Proof. Follows immediately from Corollary 3.8.2. O
Corollary 3.9.11. For p prime, —1 is a square modulo p iff p =2 orp =1
(mod 4).

Proof. p =2 is trivial. If p > 2, —1 # 1 (mod p) and so if a : Z; | a?> = -1
(mod p), then |a| = 4. The result follows by Corollary 3.9.10. O

3.10 Conjugation
Definition 3.10.1.

1. Fora,g: G, a? = g lag.

2. For A:PG,g: G, A9 =g tAg.

3. Fora,b:G,a~bifdg: Gea=10I.

4. For AB:PG, A~ B ifdg: Ge A= BY.

We say af is the “conjugation of a by ¢”, and “a,b are conjugate”.

Definition 3.10.2. For g: G, cclg(g) ={h: G| h~ g} is the conjugacy
class of g.

Where it is clearer, we will write ccl to mean cclg.
Proposition 3.10.3. For a,b,g,h: G, and A, B : PG,

1. a® =a, and A° = A.

2. a=a’ iff a,g commute.

3. (a1 = (a?)7!, and (A71)9 = (A9)~L.

4. (a9 = a9, and (A9)" = A%,

5. (ab)? = a%b9.

6. If a,b commute, then a%, b9 commute.
Proof.

1. e tae = a.
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1

2. ag = ga = g tag = g 'ga = a.

3. g7'a"g= (g7 ag)"".

4. b (g ag)h = (gh)~'a(gh).

5. g (ab)g = (97 ag)(g~ " bg).

6. a%b9 = (ab)? = (ba)? = b9a¥.

Similarly for 4, B : P G.

Proposition 3.10.4. ~ is an equivalence relation.
Proof.
1. Reflexivity: a = a®.
2. Symmetry: a = b9 = b= a9 .
3. Transitivity: (a = b9 A b= c") = a=(c")? =M.
Similarly for A, B : P G.
It follows that { g : G e ccl(g) } is a partition of G.
Theorem 3.10.5. For g : G,
1. ¢4(a: G) = a? is an isomorphism.
2. (AP G)= A9 is a bijection.
3. (G< <v)y) € Sym(Gy), i.e. if H< G, then HY < G.
4. 0: G — Sym(G) given by 0(g) = ¢, is a homomorphism.
5. ©: G — Sym(P G) given by ©(g) =1, is a homomorphism.
6. ©: G — Sym(Gg) given by O(g) = (G< < ,) is a homomorphism.
Proof.

1. ¢, is a homomorphism by Proposition 3.10.3.5.

¢, is injective: a9 = b9 = (a9)9 = (b9)9 = a=b.
¢, is surjective: given a : G, ¢,(a? ) = (a? )9 = a.

2. Similarly, ¢, € Sym(P G) is injective and surjective.
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3. I HL G e=¢%€ H, a9 € HY = (a?)! = (a71)9 € HY, and
a?, b9 € HY = a%b% = (ab)? € H. Therefore, ¢,(H) < G.

4. By Proposition 3.10.3.4, ¢4 © ¢, = @gp.
5. Similarly, © is a homomorphism.

6. Similarly, ©' is a homomorphism.

Le. G acts on G, PG and G< by conjugation.®
Corollary 3.10.6.

1.Va:GeC(a) <G.

2 VA:PG, C(A)<G.
Proof.

1. G acts on itself by conjugation. By Proposition 3.10.3.2, Stab(a) =
C(a). The result follows by Proposition 3.7.8.

2. Similarly, G acts on P G by conjugation, and Stab(A4) = C(A).
L]
Corollary 3.10.7. Vg : G e #ccl(g) - #C(g) = #G. In particular,
#ccl(g) | #G.
Proof. When G acts on itself by conjugation, Orb(g) = ccl(g). The result
follows by Theorem 3.8.3. O]

3.11 Normal Subgroups
Definition 3.11.1. HIG if H< G andVg: Ge HI = H.

We say “H is a normal subgroup of G” or “H is normal in G”. If
H < @ is normal, we write H< G.

3 Also, if H < G, then H also acts on G, P G and G¢ by Proposition 3.7.5.
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Theorem 3.11.2. For H < G, the following are equivalent:
1.Vg:Ge HY=H (i.e. HIG).
2.Vg:GeHICH.
3. Vg: GegH=Hg.
4. If K < G, then K~H=K=H.
5. If K < G, then K ~H = KH =H
6. Va,b,g: G| aH = bH e agH = bgH .
7. Ya,b:GeaHbH = abH.

Proof.
e (1) = (2): Trivial.
e (1) (3): go'Hg=H & Hg = gH.
e ()= (U): K~H=K=H'=K=1H.
e (2)=(1): HY CH= HCHY Also, H C H,so HY = H.
e (3) = (6): aH = bH = aHg = bHg = agH = bgH.
e (3) = (7): Hb = bH = aHbH = abHH = abH.
e (4)=(1): H9~H = HY=H.
o 4)=(): K~H=K=H=KH=HH=H.
e (5) = (2): H9~ H = HYH = H. By Proposition 3.5.5, H? C H.
e (6)=(2): Vh:Heg'hH =g 'H = g 'hgH = g'gH = H. By

Proposition 3.5.5, h9 € H, and so HY C H.

(7) = (5): Let K = HY9, then KH = g "*HgH = gg'HH = H.

Definition 3.11.3.
1. Fora: G, Ng(a)={g: G| a’ =a} is the normalizer of a.
2. For A:PG,Ng(A)={g: G| A= A}.

Where it is clearer, we will write N to mean N. Note that although by
Proposition 3.10.3.2, Va : G @ N(a) = C(a), this is not true for A : P G.
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3.12 Quotient Groups

Definition 3.12.1. For H <G, G/H = (¢H,-), with aH - bH = oHbH.
G/H is “the quotient of G over H”.

Proposition 3.12.2. G/H is a group.

Proof.
1. - is well-defined: by Theorem 3.11.2.7, aHbH = abH € ¢ H.

2. Associativity: follows immediately from associativity in G.
3. Identity: eqy =ed = H. VgH : gcH e H-gH = gH - H = gH.
4. Inverses: (gH) ' =g 'H. VgH : cH e gH -g'H=gg'H=H.
O

Since Theorem 3.11.2.7 is equivalent to Theorem 3.11.2.1, H < G is pre-
cisely the condition on which - is well-defined.

Theorem 3.12.3 (The Isomorphism Theorem).
1. If 0 : G — H is a homomorphism, then ker 0 < G.
2. If0: G — H is a homomorphism, then G /kerf = ran.
3. If HL G, thenm: G — G/H given by w(g) = gH is a homomorphism,
and kerm = H.
Proof. Let K = ker6.
1. K < G by Proposition 3.4.5.1. Given g : G,a : K, 0(a?) = 0(a)?9) =
eg. Hence, Va: K e a9 € K and so K9 = K.
2. Define ¢ : G/K — ranf by ¢(aK) =60(a). aK = bK < o 'b € K, so
0(a) =0(a)f(a"'b) = 0(b) and hence ¢ is well-defined.
¢(aK - bK) = ¢(abK) = 0(ab) = 0(a)0(b) = ¢(aK)p(bK), and so ¢ is
a homomorphism.
d(aK) = ¢(bK) = 0(a) = 0(b) = 0(a™'b) = ey = a'b € K =
aK = bK, and so ¢ is injective.
Given h = 6(a) : ran6, ¢(aK) = h, and so ¢ is surjective.
3. By Theorem 3.11.2.7, 7(ab) = abH = aHbH = 7(a)7(b), and so 7 is a
homomorphism.

n(a) =eqn=H < ad =H & ac H,and so kerm = H.
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3.13 The Group S,
Definition 3.13.1.

1. 0 : 8, is a cycle of length k : Ny if ay,... a5 : {1,...n} ® 0(a;) =
ajp1 for 1 < j <k, o(ay) = ar, and for x ¢ {a, ... a}, o(z) = x.

2. If o,7 are cycles, and ¥z : {1,...n} e either o(z) = x or 7(x) = z,
then o, 7 are disjoint.

3. A transposition is a cycle of length 2.
We will write o = (ajag - - - ag).
Proposition 3.13.2.
1. For ay,...ap : {1,...n}, (mag---a) = (agag- - ara1).
2. If o,7: S, are disjoint cycles, then o, 7 commute.
3. Ya:{l,...n} e (a) =1 is the identity of S,,.
Proof.
1. o(a;) = aj1 for 2 < i <k, o(a) = a1, and o(ay) = ay.

2. Vz:{l,...n} e wlog 7(z) = z. If o(z) # =, then 0*(z) # o(z), so
T(o(z)) = o(z) = o(r(x)). As S, acts faithfully on {1,...n}, o7 = 70.

3. (a)a = a, and for z # a, (a)r = z.

Theorem 3.13.3. Vo : S, e 0 is a product of disjoint cycles.

Proof. Define m(o) = #{z :{1,...n} e o(z) # z }. We proceed by strong
induction on m(o). m(o) = 0 is trivial.

Given z : {1,...n} | o(z) # =, let k = min{i : N, e o'(z) = z }.5* For
1<i4,j <k, if 0'(z) = ¢/(z) then oV~(z) = 2 so i = j. Hence the o(x)
are distinct, o(0'(2)) = o'*1(z), and o(c*71(1)) = z.

Therefore, v = (zo(z) o*(z)--- 0¥ 1(x)) is a cycle of length k > 1, and
m(oy™') = m(o) — k < m(o), so oy~! is a product of disjoint cycles which
are disjoint to v, hence o = (oy~1)v is a product of disjoint cycles. O

54The set is non-empty as o#5 = .
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Corollary 3.13.4. Vo : S, @ 0 is a product of transpositions.

Proof. By Theorem 3.13.3, it is sufficient to show that every cycle is a product
of transpositions. By induction on the length of the cycle k, k¥ = 1,2 are
trivial, and (ayag - - ap11) = (@1ap21)(ar1ag - - - ag). O
Lemma 3.13.5. Foro: S,

1. Fora= (aay---a), a® = (67 a1) o7 az) - o7 (ap)).

2. For disjoint cycles oy, ...auy, 1 Sy, af,...af are disjoint cycles, and
m o m
i=1 i=1

3. 1 : 8, is conjugate to o iff o, are each products of the same number
of disjoint cycles of the same lengths.>

Proof.

1. For 1 <i <k, a(oc7 ;) = 07 ai41), (07 a)) = 07 (a1), and
for xa(gé ){J_l(al), oY)}, o(z) & {ar,...ax}, so a(o(z)) = o(z),

2. By (1), Proposition 3.13.2.2, and Proposition 3.10.3.6.

3. By Theorem 3.13.3, (1), and (2).

Theorem 3.13.6. For n > 2,

1. There is a homomorphism ¢ : S, — Cy =({1,—1},-) which, for any
transposition « : Sy, ((a) = —1.

2. If 0 : S, — Oy is a non-trivial homomorphism, then 0 = (.

%*Not counting trivial cycles (a).
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Proof.

1. Define ¢ : S, — Q by ((o H —@).

Jj—i

i=1 j=i+1
Vo : S, eois a bijection, so |((c)] = 1, hence ran( = {1, —1}.
Also, Vo, 7: S5, e

cor) =] H UT(];:;CT(Z)
e oot —er()] [T 1y t6) - T(0)
N _11;[1j=z+1 T<])_T(i)] [E]:i+1 J ]
_In a(y):au)] [ﬁ I T@:r(z)] (o) - (o)
Li=1 j=1:+1 J ¢ =1 j=1+1 J g

as T is a bijection, so the product is over the same terms.’® Hence, ¢
is a homomorphism.

For transpositions oy, as @ S, by Lemma 3.13.5.3 40 : 5, ® s = af.
Cy is Abelian, so ((ag) = ((a;)*®) = ((ay). It is easy to check that
¢(12) = —1, and the result follows.

2. As before, for transpositions aq, ay : Sy, 0(aq) = 0(as).

By Corollary 3.13.4, Vo : S, e ¢ is a product of transpositions aq, . .. a,,,
so 0(o) = 6(ay)™. Therefore, if 6(a;) = 1 then 0 is trivial, otherwise
O(a;) = —1 and 6 = (.

O
Definition 3.13.7. For o : S,, ((0) is the signature of o.

Corollary 3.13.8. A product of an even number of transpositions cannot be
written as a product of an odd number of transpositions, and vice versa.
Proof. 1f o : S, is a product of m transpositions, then ((c) = (—1)™. O
Definition 3.13.9. For n > 2, A, = ker ( is the alternating group on n
elements.

By Theorem 3.12.3, A, <S5, and S, /A, = C,.

56Where i < j but 7(i) > 7(j), o7(j) —o7(i) _ o7(i) — o7(j)

7(7) —7(4) (1) —7()
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A Appendix

A.1 The Natural Numbers
Definition A.1.1. The set of natural numbers N is defined as follows:
1. ) eN.
2.Vn:Ne(nU{n}) eN.
3. VS:PNe (e SAVn:Se(nu{n})es)=85=N.
Note that by this definition, 0 = (), #n = n, and “n+ 1" = nU {n}.
Definition A.1.2.
1. Ny =N\ {0}.

2. _+_:N? - Nisdefined asVm,n:N,n+0=mn, n+1=(nU{n}),
and n+ (m+1)=(n+m)+ 1.

3. _+_:N?* = N is defined asVm,n :N, n-0=0, and (n+1)-m =
n-m)+m.

4. - < _:N & Nis defined as m < n iff m € n.

By strong induction on n, + and - are defined for all natural numbers.

Note that Vn : Nyn={k:N|k<n}andn+1={k:N|k<n}
Also, m < n iff m C n.

We will write m™ to mean a product of n copies of m.

Definition A.1.3. For S : PN | S # 0,
1. If3m:NeVn:Sen<m, thenmaxS:Un.
n:S

2. minS:ﬂn.

n:S

Where max S or min S are defined, they are natural numbers. In partic-
ular, every non-empty set S C N has a least element min S.%®

5TLe. S is non-empty and bounded-above.
58This is the well-ordering principle.

44



A.2 The Integers

Definition A.2.1. Let R : N? <+ N? be the equivalence relation generated by
Va,b,k:Ne (a,b)R(a+k,b+ k).

1. Z =N2/R is the set of integers.

2. 2% = Z\A[(0,0)]}.

3. —_ 7 — 17 is defined as —[(a, b)] = [(b, a)].%

4. —+_ 7% = 7 is defined as [(a, b)) + [(¢,d)] = [(a + b, c + d)].%
5. _-_:7% — 7 is defined as [(a, )] - [(¢, d)] = [(ac + bd, ad + bc)].52
6. < _:7Z <+ 7 is defined as [(a,b)] < [(c,d)] iff a+d < b+ ¢.5

We will identify N C Z by the inclusion map ¢(n : N) = [(n,0)]; i.e. we
will write n to mean «(n). Note that ¢ commutes with +, -, and <,% and
[(a,0)] = t(a) 4+ (—¢(b)). We will write a — b to mean a + (—b).

A.3 The Rational Numbers

Definition A.3.1. Let R : (Z X Z*) <> (Z X Z*) be the equivalence relation
generated by¥ a : Z, b,k : Z* e (a, b)R(ak, bk).%

1. Q = (Z x Z*)/R is the set of rational numbers.
2. Q =Q\{[(0,1)]}, and Qy = {[(a, )] : Qe ab>0}.
—:Q — Q s defined as —[(a, b)] = [(—a, b)].%
4. _+_:Q%— Q is defined as [(a,b)] + [(c, d)] = [(ad + be, bd)].5

%With equivalence classes [(a,0)] = {k : N o (a + k,k)} and [(0,b)] = {k : N o
(k,b+k)}

60This is well-defined, as [(b+ k,a + k)] = [(b, a)].

61This is well-defined, as [(a + &k, b+ k)] + [(c+ k', d+ k)] =[(a+c+ (k+ k'), b+ d +
(k+E)]=[(a+cb+d).

62Convince yourself that this is well-defined.

63This is well-defined, as [(a+k, b+k)] < [(c+k', d+&")] iff a+d+(k+k") < b+c+(k+k")
iffa+d<b+ec

64L.e. t(m +n) = t(m) + (n), ( -n) =u(m) - t(n), and ¢«(m) < ¢(n) iff m < n.

65With equivalence classes [(0,1)] = {k : Z* & (0,k) } and [(a, b)] = { k : Z* o (ak, bk) }
for a, b coprime.

66This is well-defined, as [(—ak, bk)] = [(—a, b)].

67Convince yourself that this is well-defined.
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5 _-_:Q?— Q is defined as [(a,b)] - [(¢, d)] = [(ac, bd)].®8
6. ~1:Q — Q is defined as [(a,b)]"t = [(b, a)].5°

7. _ < _: Q<+ Q is defined as [(a, )] < [(c, d)] iff abd® < b*cd.™

We will identify Z C Q by the inclusion map ¢(a : Z) = [(a,1)]. Note
that ¢ commutes with +, -, and <, and [(a, b)] = ¢(a) - t(b)~'. We will write
% tomean a-b~', and ™" to mean (a~")".

A.4 The Real Numbers

Definition A.4.1. Let P(s:PQ,m : Q) be the predicate Vz : s @ x < m,™
B={s:PQ|s#0A(Im:QeP(s,m))}
and R : B <> B be the equivalence relation defined by
Vs, t:B|(Vm:Qe B(s,m) < B(t,m)) e sRt
1. R = B/R is the set of real numbers.
R* =R\ {[{0}]}, and Ry = {[s] : R | =P(s,0) }.
—— R — Ris defined as —[s] = [{m : Q| P(s,m) & —m }].7
_+ _:R? > Risdefined as [s]+ [t =[{z:s,y:texz+y}]
_— _:R? 5 R is defined as [s] — [t] = [s] + (—[t]).

_-_:R* > R is defined for [s], [t] : Ry as
[s]-[t]=Hz:s,y:t|z,y>00ay}]
£[s] - £[t] = £([s] - [t]),” and [{0}] - [s] = [s] - [{0}] = [{0}].
7. LR = R s defined for [s] : Ry as

[s]7 =[{m: Q| P(s,m) e m™"}], and (=[s])~" = —([s]7").
8. — < _:R <> R is defined as [s] < [t] iff [s] # [t] and
Vm:Qe P(t,m)= P(s,m).

We will identify @ C R by the inclusion map ¢(a : Q) = [{a}]. Note that
¢t commutes with +, -, 7! and <.

S v e

%8 This is well-defined, as [(ak, bk)] - [(ck’, dk")] = [(ac(kk'), bd(kk'))] = [(ac, bd)].

%9This is well-defined, as [(bk, ak)] = [(b, a)].

"0This is well-defined, as [(ak, bk)] < [(ck’, dk")] iff abd?(kk')? < bZc(kk')? iff abd? <
b2cd.

"e. s is “bounded above” by m.

"™These are all well-defined, as [s] = [s'] = (P(s,m) & P(s',m)).

PLe. [s] - —[t] = —[s] - [t] = —([s] - [t]), and —[s] - =[t] = [s] - [¢].
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Definition A.4.2. If S: PR | S # (),

1. IfAm:Re P(S,m)," sup S = U s| is the supremum of S.
[s]:S

2. Ifd3m :Re P{z:S5e—x}m),infS =—sup{z:S5 e —z} isthe
mfimum of S.

In particular, every non-empty bounded-above subset S of R has a least
upper bound sup 5.7

A.5 The Complex Numbers
Definition A.5.1.

1. C =R? is the set of complex numbers.
2. C"=C\{(0,0)}.
3. Re,Im : C — R are defined as Re(a, b) = a, and Im(a, b) = b.
4. *:C— C is defined as (a,b)* = (a,—b).
5. |/ : C — R is defined as |(a,b)| = Va2 + 2.7
6. — :C — C is defined as —(a, b) = (—a, —b).
. _+_:C? = C is defined as (a,b) + (¢, d) = (a+ ¢, b+ d).
8. _—_:C*—= C is defined as (a,b) — (¢, d) = (a,b) + (—(c, d)).
9. _-_:C*— C is defined as (a,b) - (¢,d) = (ac — bd, ad + be).

_ * * . — a _b
10. —':C — C s defined as (a,b) 1:<a2+b2’a2+b2)'

< is not defined.
We will identify R C C by the inclusion map ¢(a : R) = (a,0). Note that
¢t commutes with +, -, and ~!. We definei € C asi= (0,1).

"™Extend P to (S : PR,m : R). ILe. S is a non-empty, bounded-above set of real
numbers.

"Note that V[s],[t] : R e (sups =supt) < ([s] = [t]), and so R={s: Besups }.

For z : R | z > 0, we can define /7 e.g. assup{y : R | y? < 1 }.
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A.6 Arithmetic
Proposition A.6.1. Over N, Z, Q, R, and C, where they are defined,

1.a+0=a, and1l-a=a.

2. —a=(-1)-a, —(—a)=a, a+(—a) =0, (a7) ' =a,and a-a' = 1.
3. (a-b)t=at b7
4. +,- are associative’” and commutative,” and - distributes over 4.7
5. |-| obeys the triangle inequality, i.e. |a + b| < |a| + |b].
6. a>biffbo<a,a<biff(a<b)V(a=0), and a>b iff b < a.
7. < is transitive and antisymmetric,’ and <, =, > are a trichotomy.®*
8 Ifa < bthen —b < —a, a+c < b+c, ford >0, ad < bd, and if
a>0then b= <at Also,a<biff dc=00a+c=bh.
Proof. Omitted. m

Definition A.6.2. For a non-empty finite set or sequence S = (xy,...x,) of
numbers (e.g. natural numbers, integers. .. ),

1. ZS 1s the sum of the elements of S, 1i.e. ZS =2+ Ty

2. H S is the product of the elements of S, i.e. H S=ux -1,

3. Z@:O, and H(Z): 1.82

These are all defined, by induction on n, and associativity and commu-
tativity®® of 4+ and -.

We will write >, .. expression to mean Y (variables o expression ).%!
In particular, Y 7_, expression means Zk:{l,...n} eTPTesSsion.

(Similarly for []).

"Me. (a+b)+c=a+(b+c)and (a-b)-c=a-(b-c).

®le. m+n=n+mand m-n=n-m.

™le.a-(b+c)=a-b+a-c.

80T.e. (a < b) = —(b < a).

811e. exactly one of a < b, a = b, a > b is true. Also, ((a < b) A (a = b)) = (a =1b).
82Hence, if S = UUV and UNV =0, then > S =Y U+> Vand [[S=[[U -] V.
831.e. the sum or product of a set S is independent of how it is enumerated.

84We use a sequence rather than a set, as e.g. > (1,1) =2 # > {1,1} =Y {1} = 1.
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